In number theory, the Birch and Swinnerton-Dyer (BSD) conjecture for a Selmer group relates the corank of a Selmer group of an elliptic curve over a number field to the order of zero of the associated L-function L(E, s) at s = 1. We study its modulo two version called the parity conjecture. The parity conjecture when a prime number p is a good ordinary reduction prime was proven by Nekovar. We prove it when a prime number p > 3 is a good supersingular reduction prime.
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conjecture for any number field F in the same way, which we will call the BSD conjecture for F and the parity conjecture for F , respectively. The parity conjecture for a good ordinary reduction prime p was proven by Nekovar (see [Nek01] ). He also proved in [Nek06a, ch. 12 ] that the parity conjecture for a totally real number field F holds if every prime of F lying above p is a good ordinary reduction prime under appropriate conditions. It was difficult to apply his method to prove the conjecture for a good supersingular prime because a p-Selmer group does not behave nicely in that case. In this paper, we overcome this difficulty and prove the parity conjecture when p > 3 is a good supersingular reduction prime.
First we generalize norm coherent points of the formal group associated to the elliptic curve. These points were studied first by Kobayashi in [Kob03] and generalized by Iovita and Pollack [IP06] . We generalize the idea further to a totally ramified Z p -extension of an unramified local field given by torsion points of a relative Lubin-Tate group of height 1. Then we construct a local condition using these points and show that this local condition satisfies self-duality under the Tate local pairing.
Once it is proven, the rest of paper follows standard Iwasawa theory techniques and Nekovar's idea very closely to prove the parity conjecture.
It is natural to try to apply the same idea to the parity conjecture for a totally real field. The result in this direction under some strong conditions will be published in a subsequent paper. Notation 1.1. Throughout this paper, Hom(A, B) denotes a set of Z p -linear continuous homomorphisms from A to B unless stated otherwise.
Galois cohomology
Let F be a finite Galois extension of a number field K and p be a prime of K. Fix an embeddinḡ K → C p . This embedding induces a prime P of F lying above p. We choose a subset S of G K = Gal(K/K) such that {P g } g∈S is the set of all distinct primes of F lying above p.
Let C be a G K -module which is a finite Z p -module. There is a map between H 0 groups
Then for a G K -module B which is a finite Z p -module, the map above induces the following:
Res :
.
Similarly, a map between
Suppose that there are given c n,i ∈Ê(m n ) for every i = 0, 1, . . . , d − 1 and n −1 such that Tr n/n−1 c n,i = −c n−2,i for every n 1. We let T denote the p-adic Tate module of E and A denote E[p ∞ ]. The Kummer mapÊ(m n ) → H 1 (k n , T ) together with the cup product of the Weil pairing induces
For every x = (x i ) i=0,...,d−1 ∈Ê(m n ) d we define a homomorphism P x,n : 
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The parity conjecture for z ∈ H 1 (k n , T ). Since (·, ·) n is G n -equivariant, P x,n is G n -equivariant as well. As noted in [Kob03] (also in [IP06]), for every x n ∈Ê(m n ) d and n 1 the following diagram
is commutative when x n−1 = Tr n/n−1 x n and the right vertical map is the natural projection. (ii) We define a subgroup
We also define
. Moreover, we have the following.
It is similar for D + (m n ). For a similar argument, see [Kob03, Lemma 8.17] .
Proposition 3.5. We have ker
Proof. By definition ker
In fact, this is an equality because the right-hand side is already contained in the left-hand side. Thus, we have a left exact sequence 
where the left arrow is injective by Remark 3.4. We note that the map (1) is induced from the Tate local pairing. Thus, we have kerP ± n = H 1 ± (k n , T ). Remark 3.6. From the proof we also obtain the surjectivity of the map (1). In particular, if D ± (m n ) = C ± (m n ) (as we will assume for n = 0), it implies the exactness of
where the map (2) is induced from (·, ·) n .
Next we study the image of P ± n . Let Φ n (X) = 1 + X p n−1 + X 2p n−1 + · · · + X (p−1)p n−1 for n 1 and Φ 0 (X) = X − 1. We let ω n (X) = (X + 1) p n − 1 and
Proposition 3.7. There exists a unique morphism Col ± n which makes the following diagram commutative.
The right vertical map is injective, thus ker Col Kob03, Proposition 8.19 and Corollary 8.20] .
Proposition 3.8. The even (odd) Coleman maps are compatible for all n 0: 
, which is trivial by Proposition 3.1. Thus, by the Tate local duality
Second, Remark 3.6 says that the map
From the assumption of the proposition we can see that {c
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We note that Col
Proof. From the definition
By Proposition 3.5 we have 
If we assume C + (m 0 ) =Ê(m 0 ), the previous three propositions hold replacing − with +.
Norm subgroups
In addition to the assumption (A) in the previous section, we assume the following:
We want to generalize the construction of ±-norm coherent points of [Kob03] and [IP06] .
for n 1 and put f (0) (X) = X. From the LubinTate group theory we can see that any root π of f (n) (X) that is not a root of f (n−1) is a uniformizer of m Ln and also satisfies k(π) = L n (see [Des87, Proposition 1.8 
]).
We define
We can see that log
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By [Kob03, Lemma 8 .1] this implies log
By Honda theory (in particular, [Hon70, Theorems 2 and 4, and Propositions 2.6 and 3.5]) we can see that:
(i) there is a formal group F n defined over O whose logarithm is given by log ψ −n F (we letF denoteF 0 );
(ii) for any n, an integral power series s n = exp F • log
] is an isomorphism F n → F ; (iii) since the Honda type of logÊ(X) is t 2 + p, the Artin-Hasse type power series expÊ • log
Let π 0 = 0. By Propositions 1.5, and 1.7 and the discussion before Proposition 1.7 of [Des87] ,
On the other hand, for each n 0 put
Since log
Then we have
is torsion-free by Proposition 3.1 and log F is injective on F (m kn ) for every n 0. Thus, it follows that
for n 1. In particular,
Let c n ∈Ê(m kn ) be the image of e n under the isomorphism expÊ • log F (X). We obtain the following.
Proposition 3.12. We assume that assumptions (A) and (B) hold. For any root of unity
ζ of k, there is c n ∈Ê(m kn ) for each n −1 (let k −1 = k 0 ) satisfying: (i) Tr kn/k n−1 (c n ) = −c n−2 for n 1; (ii) logÊ(c −1 ) = (p − 1)(ζ ψ −2 p − ζ ψ −4 p 2 + ζ ψ −6 p 3 − · · · ).
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, as in the previous section. Propositions 3.9, 3.10, and 3.11 hold for these c − n,i , thus we can say the following.
Proposition 3.13. We have
Self-duality of minus formal groups
We continue to assume that assumptions (A) and (B) hold for k ∞ . Let m n denote the maximal ideal of k n . We note that the earlier identification of
We denote them by Φ m and ω − n . We define (Φ m ) ι and (ω − n ) ι as the images of Φ m and ω − n each under the involution on Z p [G n ] given by γ → γ −1 and identity on Z p . First we prove the following.
Proof. First we want to prove that if n is odd,
Using an argument similar to the proof of Proposition 3.3 we can prove thatÊ(m m+1 )/Ê(m m ) is torsion-free. Thus, we have
Now we prove our proposition, first for odd n, then for even n. Suppose that n is odd. Let
and, finally, Φ ι 0 x −1 = 0. 55
ι , thus this case is reduced to the case where n is odd, which we have done. When n = 0, it is clear. Similarly we can prove
n . By the Hochschild-Serre spectral sequence the kernel of
, which is trivial by Proposition 3.1. Thus, we consider H − n as a subgroup of H 1 (k n , A). Let a subgroup M n of H 1 (k n , T ) be the exact annihilator of H − n under the Tate local pairing
We want to give hearty thanks to Rubin for suggesting an idea to simplify the proof of the following proposition.
by Propositions 3.10 and 3.11 and both are divisible, thus we obtainÊ
. Thus, by the Tate local duality it follows that we have
On the other hand, we naturally have
thus it follows that we have H
We claim that for every m n we have
Let m, n be integers with m n. First we claim Cor The parity conjecture
We can verify that proj 
Since this is true for every m n, we have
An explicit computation shows that H − n [p j ] ∼ = (Z/p j Z) dp n and using Tate's Euler characteristic formula, we can check
The minus local condition of a ramified
. Unlike previous sections, we assume that L ∞ /Q p is only ramified. In other words, we assume that there is
We let m n denote the maximal ideal of L n . In particular, we let m denote the maximal ideal of Q p . Let k n = L n+N for n 0, then we can see that k ∞ satisfies assumptions (A) and (B). We let
Since k ∞ satisfies assumptions (A) and (B), by Proposition 3.13 we have
This implies that we have (H
. By comparing the coranks and considering they are divisible we can see that (
. By the Tate local duality, it is equivalent to the fact that there is an injection
by the Hochschild-Serre spectral sequence, this injection implies that we haveÊ
Thus, the next proposition follows.
∨ is generated by one element as a Λ-module by Nakayama's lemma. Since the corank of (H − ) Gal(L∞/Ln) increases as n increases, we can see that (H − ) ∨ is a free Λ-module of rank one.
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Proposition 3.17. We have
We also have the following. 
Proof. For n N our claim follows from Proposition 3.15.
For n where 0 n N , using Proposition 3.17 we obtain (
The rest follows from the Tate local duality.
The parity conjecture
Throughout this section, we fix a prime p > 3 and let E be an elliptic curve defined over Q such that E has good supersingular reduction at p. As before, we let T be the p-adic Tate module of E and A be the set of all p-power torsions of E.
We let K be an imaginary quadratic field extension of Q such that p splits completely in K. There are two Z p -extensions K ∞ of K that are Galois extensions over Q. One of them has a property that K ∞ /Q p is not an abelian extension. We call such an extension the anti-cyclotomic Z p -extension of K. Let τ ∈ G Q be a lift of the nontrivial map of Gal(K/Q). If K ∞ is the anticyclotomic extension of K, we have τ στ −1 = σ −1 for any σ ∈ Gal(K ∞ /K). Throughout this section we let K ∞ be the anti-cyclotomic Z p -extension of K.
We let K n be the subfield of K ∞ with Gal(K n /K) ∼ = Z/p n Z, which we denote by G n . We let
Once and for all, we fix a topological generator γ of Γ.
Notation and hypotheses
Let P be a prime ideal of Λ generated by an irreducible element not divisible by p. Note that Λ/P is an integral domain and finitely generated Z p -module. We let O P denote the integral closure of Λ/P and let S P denote a Galois module whose underlying group is O P and on which G K acts through the canonical map G K → Γ. We let D P := Frac(O P )/O P . Let m P denote the maximal ideal of O P and choose a uniformizer π P of m P . We observe that G K acts trivially on S P /m P S P .
We let T P denote T ⊗ S P and A P denote A ⊗ S P . We fix an embeddingQ → C and let τ denote the corresponding complex conjugation. 
With the pairing [·, ·] we construct an
Here e(·, ·) is the Weil pairing. 
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The pairing (·, ·) is a perfect O P -bilinear pairing and for every σ ∈ G K it satisfies
Γ . Then our claim follows from the property of the Weil pairing.
For any integer k > 0 we consider the perfect O P -bilinear pairing
induced by (·, ·). We can identify A P with T P ⊗ Frac(S P )/S P , thus we have
Lemma 4.3. The pairing in (3) is symmetric when we identify
Since the Weil pairing is skew-symmetric and Galois-equivariant, this lemma is immediate.
For convenience let T denote T P /m k P T P andT denote the residual representation T/m P T. Let Tw(T) denote the G K module whose underlying set is T and on which G K acts as follows: for σ ∈ G K and x ∈ TwT, σ · x = (τ στ −1 )x (the action on the right-hand side is that of G K on T).
Let Σ denote a finite set of places of K including primes lying above p, all infinite places, and all primes at which T is ramified. For v ∈ Σ we consider a certain subgroup H 1
for every integer 0 i k. We call it a local condition at v for T/m i P T, or simply a local condition at v for T if i = k. In this section and the next few sections we define local conditions for T and show that T and its local conditions satisfy the following three hypotheses (for similar hypotheses see [MR04, § 3.5] and, in particular, [How04, § 1.3 
]).
(H1) The residual representationT is an absolutely irreducible representation of G K , i.e.T⊗O P /m P is a G K -irreducible representation where O P /m P denotes the algebraic closure of O P /m P . (H2) For every 0 i k we have
) (in this case we say that local conditions are cartesian). (H3) By Lemmas 4.2 and 4.3 we have the following symmetric Galois equivariant O P -bilinear perfect pairing
For any non-archimedean v, this pairing combined with the cup product induces a perfect local pairing:
Putv := v τ . Combined with a map
the local pairing induces a pairing 
We can check thatT ⊗ O P /m P O P /m P ∼ =T ⊗ FpFp , which we denote byT ⊗F p . Assume there is a one-dimensional subspace ofT ⊗F p invariant under the action of G Qp . Then there is an action of Gal(L(T )/Q p ) given by a multiplicative character χ whose values are inF
That is a contradiction because [a] acts onT as multiplication by a −1 .
Let K Σ be the maximal extension of K unramified outside Σ. Then we define
When the local conditions at all the places in Σ satisfy hypotheses (H1), (H2), and (H3), the following theorem of Howard holds. Remark 4.6. Howard [How04] assumes more hypotheses throughout the paper; however, if we check the proof of Theorem 4.5, we can see that only hypotheses (H1), (H2), and (H3) are necessary.
Duality of local conditions at the primes lying above p
Let p be a prime of K lying above p (thus, the other prime lying above p would bep = p τ ). There are integers N 1 , N 2 (0 N 1 N 2 ) such that p splits completely in K N 1 /K, the primes Q 1 , . . . , Q p N 1 of K N 1 lying above p are inert and unramified in K N 2 /K N 1 , and the primes
For n N 1 let Q n,i be the unique prime of K n lying above Q i and, for notational convenience,
Definition 4.7. We put k n := K N 2 +n,Q i . For any n 0, we definê
By Proposition 3.17, we have H
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We apply this definition to every Q i and Q i for i = 1, . . . , p N 1 .
Definition 4.8. We define a subgroup of
Fix a prime ideal P ⊂ Λ generated by an irreducible element not divisible by p. We define a subgroup of
and, for n 0, define
Γn is an isomorphism. Thus, we can consider H n p,P as a subgroup of
is an isomorphism so that we can consider H n p,P as a subgroup of
Without loss of generality we can assume n = 0 (other cases can be proven similarly). Fix an embeddingQ → C p such that the prime of K N 1 induced by this embedding is Q N 1 ,1 . This embedding identifies K p with K N 1 ,Q 1 and this induces a restriction map Res 1 :
this is an isomorphism). Then other restriction maps Res
i : H 1 (K p , A P ) → H 1 (K N 1 ,Q i , A P ) are equal to g i • Res 1 ,
and we can check
On the other hand, for any n N 2 , the action
Proposition 4.9. We have
Proof. All we need to show is that
is an isomorphism. This is clear.
Since multiplication by π
. We want to study this group further. First we check the following. 
Proof. The construction of the pairing illustrated in § 4.1 has the following equivalent construction: for any m N 1 , we have the local Tate pairing induced from the Weil pairing
This pairing combined with the following map given by the action of τ
gives the same pairing given in hypothesis (H3) of § 4.1.
Γn with respect to the pairing in our lemma.
Since G K n,Q i and G Kn,Q i act trivially on S P /m k P S P , by taking tensor with S P /m k P S P we can check that (
As the multiplication by 
we can check that this multiplication identifies (H
The construction of Cor p and Resp is given in § 2.
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Recall that by definition we have
following the argument in the proof of Proposition 3.15. To do so, it might be convenient to have
There is α ∈ O × P such that a generator γ of Γ acts on S P as multiplication by α. Then we can give the following homomorphism:
(i in the last line runs over all integers). We can check that this is a well-defined O P -isomorphism and also Γ-equivariant. Thus we can show
. Again using an argument in the proof of Proposition 3.15 combined with the commutativity of the diagram above, this implies that
and using Tate's Euler characteristic formula, we can check that the size of the exact annihilator of
Thus, we can conclude that 
Iwasawa theory techniques
Let V P = T P ⊗ O P Frac(O P ).H 1 F (K v , A P ) := im(H 1 ur (K v , V P ) → H 1 (K v , A P )), H 1 F (K v , T P ) := ker H 1 (K v , T P ) → H 1 (K v , V P ) H 1 ur (K v , V P ) , H 1 F (K v , T P /m k P T P ) = im(H 1 F (K v , T P ) → H 1 (K v , T P /m k P T P )).
As we identify
Remark 4.13. Note that we have
This implies that for any two integers 0 k < k , we have
). On the other hand, Definition 4.12 implies that we naturally have
). Thus, the local condition at v for A P [m k P ] satisfies hypothesis (H2) for any k. If we define
in the same way, we can check that H 1
B. D. Kim hypothesis (H3). Then, by [Rub00, Proposition 1.4.3(ii) ], we can see that the local condition at v satisfies hypothesis (H3) as well.
Definition 4.14. For a prime p of K lying over p, we define
is an isomorphism, we can easily check one part of hypothesis (H2). To check the other part of hypothesis (H2), consider the following map:
This map induces H 0
Thus, we have a surjective map H 1
. In the previous section we checked that this local condition satisfies hypothesis (H3). Because K ∞ = C, we do not have to discuss local conditions at infinite places. Using Theorem 4.5, we obtain the following proposition.
Proposition 4.15. We have
Then we have the following.
Proposition 4.16. There is an integer r P and a finite O P -module M (P ) such that we have
Proof. As mentioned after Definitions 4.12 and 4.14, for any integer k and any finite place v,
therefore, by Proposition 4.15 we obtain our claim. Proposition 2.5 gives a Λ-isomorphism For any other finite place v, we define Hom(Λ, A) ).
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The parity conjecture In addition, we define
Recall that P is a prime ideal generated by an irreducible element not divisible by p. We let x P denote this element. Note that x P is (possibly) different from π P , a uniformizer of the maximal ideal m P of O P . For the fixed generator γ of Γ, we let ι : Λ → Λ be the involution map given by γ → γ −1 and identity on Z p . Let P ι := ι(P ). We identify S P with Hom O P ι (S P ι , O P ι ) as G K -modules. We construct the following map
This map is injective, and the cokernel is finite. This map tensored by A gives
(the last group is the kernel of the multiplication by x ι P ). This map is surjective and its kernel is finite.
For n 1, let P n be an ideal of Λ generated by x Pn = x P + p n , which is irreducible if n is large enough. In § 2 we defined a map j :
and, by Proposition 2.5, j • Sh p is equal to the following natural map
We consider the following commutative diagram whose vertical maps are isomorphisms.
We can check that as n 0 varies this map has finite kernel and cokernel whose orders are bounded. We have the following proposition.
Proposition 4.18. The kernel and cokernel of
are finite and bounded as n varies.
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Proof. We consider the following commutative diagram. It is proven in the proof of [MR04, Proposition 5.3.14] that the center vertical arrow has kernel and cokernel whose orders are finite and bounded as n 0 varies. Hence, we only need to show that the right vertical arrow has a finite kernel whose order is bounded as n 0 varies.
For any place v we consider the following diagram.
To show that the right vertical map f v has a finite kernel whose order is bounded as n 0 varies, we want to show that the orders of the cokernel of the left vertical map and the kernel of the middle vertical map are finite and bounded as n 0 varies. 
On the other hand, we consider a short exact sequence 0 → Hom(Λ/P [P ι n ] has finite kernel and cokernel whose orders are bounded as n 0 varies. Thus, f p has a finite kernel whose order is bounded as n 0 varies. Thus, f F has finite kernel and cokernel whose orders are bounded as n 0 varies.
Write X for H 1 F (K, Hom(Λ, A)) ∨ . Consider the following: (The tensor product in the last term is over Λ/P ι n . Also note that O Pn is a Λ/P ι n -module through Λ/P ι n ι − → Λ/P n → O Pn .) Proposition 4.18 states that this map has kernel and cokernel whose orders are finite and bounded as n 0 varies. Then, by taking a Pontryagin dual, we can see that
has kernel and cokernel whose orders are bounded as n varies. By Proposition 4.16, the last group is isomorphic to M (P n ) 2 for a finite O Pn -module M (P n ). where ∼ is a pseudo-isomorphism.
The corank of Selmer groups
We let Σ be the set of bad reduction primes for E of K, primes of K lying above p, and infinite places, and containing none else. We borrow the notation p,p, Q i , and Q i from § 4.2.
